To pursue the maximal singularity-free workspace of parallel mechanisms is a very important concern for robot designers. This paper focuses on the case of planar 3-Rf!.R parallel mechanisms. First, a relatively simple singularity equation of any point on the platform is derived. The obtained singularity equation shows that the singularity locus of any point on the platform is a circle of the same size, as long as the base and the platform are similar triangles. Furthermore, the three centres of the workspace circles lie exactly on the singularity circle. With these useful observations, the singularity-free workspace as well as the maximal leg length ranges can be determined. For a base of unit area, it is found that robots with equilateral triangle base and platform can .obtain the maximal singularity-free workspace. Three case studies demonstrate this observation. Finally, a procedure for this kind of robot geometric design is provided.
INTRODUCTION
Parallel mechanisms have many advantages over serial mechanisms in load-carrying capacity, stability, etc. However, the closed-loop nature of their architecture limits the motion of the platform and creates complex kinematic singularities inside the workspace. Hence, to pursue the maximal singularity-free workspace of parallel mechanisms is highly desirable for robot designers.
Several researchers addressed the issue of avoiding singularities insidethe workspace of a parallel mechanism. Merlet [1] presented a fast algorithm for solving the problem of trajectory validation for a 6-DOF parallel mechanism with respect to its workspace. Bhattacharya et al. [2] proposed an exact method and an approximate method to determine a path which can avoid singularities and remain close to a prescribed path. Dash et al. [3] presented a numerical technique for path planning inside the workspace of parallel mechanisms avoiding singularities.
Three types of singularities were defined by Gosselin and Angeles [4; 5] . They are the inverse kinematic singularity, the direct kinematic singularity and the architecture singularity. Each of them has a different physical interpretation. Later, another type of singularity referred to as combined singularity or constraint singularity was identified by Zlatanov, et al. [6] . Among all these types of singularities, the direct kinematic singularity is the main concern for robot designers. It corresponds to configurations in which the stiffness of the mechanism is locally lost. This type of singularity is also called RO (Redundant Output) in Zlatanov et al. [7] . This paper focuses on analyzing this type of singularity of 3-RER parallel mechanisms, which have been studied by several researchers (see for instance ([8] - [18] )). However, this paper will propose a new approach to obtain the maximal singularity-free workspace by optimizing the geometric parameters.
SINGULARITY ANALYSIS
As shown in Fig.l , a planar 3-RER parallel mechanism with actuated prismatic joints consists of a fixed triangle base f':~,.BlB2B3 and a mobile triangle platform 6.P l P 2 P 3 . B i and Pi are connected via the actuated prismatic joint of variable length Pi(i = 1,2,3). Passive revolute joints are located at B i and Pi, and the mechanism has 3 nOFs. The moving platform can translate in the -xy plane and rotate with respect to an axis perpendicular to the xy plane.
Singularity Equation
To derive the singularity equation, two coordinate systems are defined as shown in Fig.l . A reference frame Oxy is attached to the base by selecting B l as the origin 0 and B l B 2 as the x axis. The mobile frame G'x'y' is attached to the platform by selecting P l as the origin 0' and P 1 P 2 as the x' 
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If Pt is taken as the considered point P, eq.(7) takes exactly the form given in [10] .
Singularity Locus
In general, the singularity locus for a given orientation can be a hyperbola or a parabola or an ellipse [10] . Ellipses may degenerate into circles. By observation of eqs. (7)- (9), it is not difficult to find that if t4!t 1 = t S !t2 = t6!t 3 = k (k is the size ratio between the platform and the base), then 93 == 94 == O. As a result, G 1 == G 2 and G 3 == O. In this case, the base and the platform are similar triangles, and the singularity locus expressed by eq. (7) is a circle [11] . The centre C(x c ,Yc) and radius R of the singularity circle can be given as follows:
Eq.(lO) shows that for a given orientation ¢ 1= i1r(i = 0,1), only the centre of the singularity circle depends on the position of the considered point P. But the radius does not. When ¢ = i1r(i = 0, 1), the whole plane becomes singular. Fig.2 shows the evolution of the radius R of the singularity circle with respect to the size ratio k and the orientation angle ¢. 
SINGULARITY-FREE WORKSPACE
Referring to [12] , the workspace equations of 3-RfR parallel mechanisms can be obtained by expanding eq. (5) for three legs as follows:
Transactions ofthe CSME Ide la SCGM Vol. 31, No. 4, 2007 For a given orientation </J, these are three circle equations. These circles can be referred to as workspace circles, because they are used for determining the workspace. The three centres Ci(Xci, Yci)(i = 1,2,3) ofthe workspace circles are
The distances between the centre C(x e , Ye) ofthe singularity circle and the centres Ci(Xei, Yei) of the workspace circles are (i=1,2,3) (13) Substituting eqs. (lO) and (12) into eq. (13), one obtains d i == R(i = 1,2,3). This means that for similar base and platform, the three centres of the workspace circles lie exactly on the singularity circle, as shown in Fig.3 . Besides, from eq. (12), one obtains
Eq. (14) shows that triangle~C1C 2 C 3 is also similar to the base. Its area is
where Sb is the area of the base triangle~B1B2B3' For a base of unit area (Sb = 1), S is constant for a given orientation ¢.
To determine the singularity-free workspace, the minimal leg lengths Pi,min(i = 1,2,3) should first be prescribed. As the minimal leg lengths depend on the physical architecture, they can be initially chosen as the same. With this assumption, the maximal leg length Pi,max(i = 1,2,3) can be determined with the following procedure (taking Fig.3(a) as an example):
Step 1: Compute C(x e , Ye) and R using eq.(lO) as well as Ci(Xci, Yci)(i = 1,2,3) using eq. (12) . To compute C and C i , it is necessary to provide the coordinates of the considered point P in the mobile frame. For convenience, take the centroid of the platform as the considered point P. Hence,
Step 2: The intersections N i and Nt (i = 1,2,3) of the minimal workspace circles and the singularity circle can be computed with eq.(16) as follows:
Step 3: Compute Pi,max(i = 1,2,3):
Transactions a/the CSME Ide fa SCGM Vol. 31, No.4, 2007 • Compute the distances between the centre G l and the two intersections N g and N~: GlNg and GlN~. Then take the shortest of these distances (here GlNg) as Pl,maxin order to avoid singularity inside the workspace.
• Compute the distances between the centre O 2 and the two intersections N l and N~: G 2 N l and 02N~. Then take the shortest of these distances (here G2N~) as P2,max.
• Compute the distances between the centre Gg and the two intersections N 2 and N~: GgN 2 and GgN~. Then take the shortest of these distances (here GgN 2 ) as pg,max.
With the obtained maximal leg lengths, three maximal workspace circles respectively centred at
Oi(i = 1,2,3) are available. Fig. 3(a) shows only the parts of these circles lying inside the singularity circle, i. For general similar base and platform, the maximal leg lengths Pi,max(i = 1,2,3) may be different from one another. Besides, Fig. 3(a) shows that the minimal length ofleg 1 will be G l M 5 , which is greater than its initially chosen value.
GEOMETRIC OPTIMIZATION

Maximal Singularity-Free Workspace
For a base of unit area, tg = 2/t l . Substituting this equation into eq.(10), R will be a function of t1, t 2 • k and ¢. To obtain an extremum of R, the following conditions should be satisfied:
Unfortunately, there is no real solution for this equation set. However, for given nonzero k and i f> i= irr(i = 0,1), a real solution can be obtained from the first two equations of eq.(17), i.e., tl = 21{13, t 2 = 11{13. As a result, tg = {13. The obtained base is actually an equilateral triangle.
In this case, one has
Hence, for given k and ¢, eq. (18) provides the extreme radius of the singularity circle for a base of unit area which is obtained when the base and the platform are equilateral triangles. Since triangle 6G 1 0 2 0 g is similar to the base triangle 6B 1 B 2 Bg, then triangle 6G l G 2 Gg is also equilateral. As a result, the three centres Ci(i = 1,2,3) of the workspace circles are evenly distributed on the singularity circle, as shown in Fig 3(b) . In this case, both Pi,min and Pi,max are equal for i = 1,2,3, and the obtained singularity-free workspace (the hatched region) occupies most of the region inside the singularity circle.
Transactions ofthe CSME Ide la SCGM Vol. 31, No. 4,2007 However, the extreme radius given by eq. (18) for given k and ¢ is not a maximum, but a minimum. From eq. (15), it can be seen that for given k and ¢, triangle 6C 1 C 2 C 3 has the same area, no matter what its shape is. And the singularity circle is the circumscribed circle of triangle 6C 1 C 2 C 3 • When triangle 6C 1 C 2 C 3 is equilateral, its circumscribed circle becomes minimal. Although the minimal singularity circle occurs when the base and the platform are equilateral triangles, the singularity-free workspace may be maximal. To demonstrate this point, consider the following three case studies.
Case 1: In Fig.3(a) Fig.3(b) , the base geometric parameters are: tl = 2/-(/3, t2 = 1/-(/3, t3 = V' 3, which form an equilateral triangle of unit area. The radius of the singularity circle is given by eq.(18).
Case 3: In Fig.3(c) , the base geometric parameters are: t 1 = 1.8, t 2 = 2.2, t 3 = 1.11, which form an obtuse triangle of unit area. Substitute the values oft 1 , t 2 , t 3 , into eq.(lO), one obtains
Comparing eq. (18) to eq.(l9) and eq.(20), it is easy to find that when the base and platform are equilateral triangles, the singularity circle is minimal. To compare the singularity-free workspace in these three cases, consider for instance the situation with k = 0.6, ¢ = 45°, and Pi,min is initially chosen as 0.2. First, compare case 1 to case 2. The radius of the singularity circle in case 1 is 0.665, which is larger than that (0.627) in case 2. But the area of the singularity-free workspace in case 1 is only 0.729, which is smaller than that (0.918) in case 2. Then, compare case 3 to case 2. Although the radius of the singularity circle in case 3 is 1.494 times of that in case 2, the singularity-free workspace occupies no more than one-third of the region inside the singularity circle (see Fig.3 (c». The numerical results show that the area of the singularity-free workspace in case 3 is only 0.545, which is smaller than that (0.918) in case 2.
The reason for which a robot with a larger singularity circle has a smaller singularity-free workspace is that the centres of the workspace circles, Ci(i = 1,2,3), are not evenly distributed on the singularity circle. For given k and ¢, the area of triangle 6C 1 C 2 C 3 does not vary with its shape. It is easy to imagine that for case 3 with an obtuse triangle base, when the obtuse angle becomes larger, the vertexes of the triangle 6C 1 C 2 C 3 will lie on an arc close to a line. Although the singularity circle may be very large, the singularity-free workspace occupies only a small corner of the singularity circle (see Fig.3 (c».
Location of the Singularity Circle
Eq. (10) shows that the centre of the singularity circle is dependent on the position of the considered point P and the orientation angle ¢. Take the centroid of the platform as the considered point P, the centre of the singularity circle for case 1 in Fig.3 (a) and case 3 in Fig.3(c) of the singularity circle is a curve in the xy</> space. However, the centre of the singularity circle for case 2 in Fig.3(b) always coincides with the centroid of the base Cb. As a result, the locus of the centre of the singularity circle is a straight line in the xy</> space, as shown in Fig.4(b) . With this property as well as the symmetry, the parallel mechanism with an equilateral triangle base will have better kinematic properties comparingto other architectures. From the analysis of the maximal singularity-free workspace as well as the location of the singularity circle, it can be seen that a planar 3-RER parallel mechanism with an equilateral triangle base is the optimal architecture. 
ApPLICATION
Design Procedure
In general, after a robot has been designed and manufactured, the size ratio k cannot change. But the orientation angle cp should cover a working range. Considering this point, the design procedure for 3-RfR robots with equilateral triangle base and platform can be generalized as follows:
• Referring to Fig.2(a) and considering the physical architecture, select a proper size ratio k.
• According to the desired function, determine a range of the orientation angle: [CPl, ¢2] . Note that ¢ = i7r(i = 0,1) should not be included in the prescribed range.
• Referring to Fig.2(a • Considering the physical architecture such as the size of one prismatic joint and two revolute joints on one leg, determine the minimal leg lengths Pi,min(i = 1,2,3).
• Referring to Fig.3 , take the centroid of the platform as, the considered point, use the procedure presented in Section 3 to compute the maximal leg lengths Pi,max(i = 1,2,3) in order to determine the maximal leg length ranges.
• Choose a proper leg length range within the computed maximal leg length range for each leg and complete the geometric design.
Example
To demonstrate the proposed design procedure, an example is now provided. The parameters of the base are tl = 2/.ij3, t 2 = 1/.ij3, t s = .ij3. The size ratio k is selected as 0.6 and the desired ori- The derived singularity equation shows that the singularity locus of any point on the platform is a circle of the same size, as long as the base and the platform are similar triangles. Furthermore, the three centres C i (i = 1, 2; 3) of the workspace circles lie exactly on the singularity circle. These interesting observations are very useful for the determination of the singularity-free workspace.
For an equilateral triangle base, Ci(i = 1,2,3) are evenly distributed on the singularity circle which leads to the maximal singularity-free workspace. Besides, symmetric architectures are widely used in practice. Hence, a geometric design procedure for 3-Rf.R robots with equilateral triangle base and platform is provided. The example discussed above shows that as long as the working ranges of the leg length lie within the maximal ranges determined with the presented method and the orientation angle ¢ does not equal i7f(i = 0,1), it can be guaranteed that the workspace definitely lies inside the singularity circle. The risk for encountering a singularity inside the workspace can be avoided completely. Therefore, the information provided in this work will be of great significance for robot designers in practice.
